Abstract. The a-invariant, the F -pure threshold, and the diagonal F -threshold are three important invariants of a graded K-algebra. Hirose, Watanabe, and Yoshida have conjectured relations among these invariants for strongly F -regular rings. In this article, we prove that these relations hold only assuming that the algebra is F -pure. In addition, we present an interpretation of the a-invariant for F -pure Gorenstein graded K-algebras in terms of regular sequences that preserve F -purity. This result is in the spirit of Bertini theorems for projective varieties. Moreover, we show connections with projective dimension, Castelnuovo-Mumford regularity, and Serre's condition S k . We also present analogous results and questions in characteristic zero.
Introduction
Throughout this manuscript we consider an F -pure standard graded algebra over a field K of positive characteristic p such that [K :
We say that R is F -pure if the Frobenius map F : R → R splits. This property simplifies computations for cohomology groups and implies vanishing properties of these groups [Lyu06, SW07, Ma13] .
In this article, we show relations among three important classes of invariants that give information about the singularity of R: the a-invariants, the F -pure threshold, and the diagonal F -threshold.
We first consider the i-th a-invariant of R, a i (R), which is defined as the degree of the highest nonzero part of the i-th local cohomology with support over m (see Section 2 for details). If d = dim(R), then a d (R) is often just called the a-invariant of R, and it is a classical invariant, introduced by Goto and Watanabe [GW78] . For example, if R is CohenMacaulay, a d (R) determines the highest shift in the resolution of R, and moreover the Hilbert function and the Hilbert polynomial of R coincide if and only if a d (R) is negative.
We also consider the F -pure threshold with respect to m, fpt(R), which was introduced by Takagi and Watanabe [TW04] (see Section 3 for details). This invariant is related to the log-canonical threshold and roughly speaking measures the asymptotic splitting order of m.
Finally, we consider the diagonal F -threshold, c m (R). This invariant is, roughly speaking, the asymptotic Frobenius order of m, and it has several connections with tight closure theory [HMTW08] . The F -threshold has also connections with the Hilbert-Samuel multiplicity [HMTW08] and with the Hilbert Kunz multiplicity [NBS14] .
Hirose, Watanabe, and Yoshida [HWY14] made the following conjecture that relates these invariants:
(1) fpt(R) −a d (R) c m (R). (2) fpt(R) = −a d (R) if and only if R is Gorenstein. This conjecture has been proved only for strongly F -regular Hibi rings [CM12] and affine toric rings [HWY14] . In addition, fpt(R) = −a d (R) for strongly F -regular standard graded Gorenstein rings [TW04, Example 2.4 (iv)]. In this paper we settle the first part of this conjecture and one direction of the second. Furthermore, we drop the restrictive hypotheses of strong F -regularity. We just need to assume that R is F -pure, which is needed to define fpt(R) and c m (R).
Theorem B (see Theorems 4.3, 4.9, and 5.2). Let R be a standard graded K-algebra which is F -finite and F -pure, and let d = dim(R). Then, Theorem B(2) implies that −a d (R) c m (R) for standard graded F -pure K-algebras. This inequality has been proven before for complete intersections without assuming strongly Fregularity or F -purity [Li13, Proposition 2.3]. In Theorem 4.9, we prove −a d (R) c m − (R) for all F -finite standard graded K-algebras. In Example 5.3, we show that the converse of Theorem B(3) does not hold in general. This does not disprove Conjecture A(2), since the ring that we consider is not strongly F -regular.
We also prove the analogue of Conjecture A(1) in characteristic zero, and we show one direction of Conjecture A(2). These results are obtained by reduction to positive characteristic methods [HH99] .
Theorem C (see Theorem 6.8). Let K be a field of characteristic zero, and let (R, m, K) be a standard graded normal and Q-Gorenstein K-algebra such that X = Spec R is log-terminal. Let d = dim(R). Then,
(1) lct(X) −a d (R).
(2) If R is Gorenstein, then lct(X) = −a d (R).
Furthermore, we give a new interpretation of fpt(R) for Gorenstein standard graded Kalgebras in terms of regular sequences that preserve F -purity. We call such a sequence an F -pure regular sequence (see Definition 5.5) Theorem D (see Theorem 5.8). Let (R, m, K) be a Gorenstein standard graded K-algebra which is F -finite and F -pure over an infinite field. Let d = dim(R), and let s = fpt(R). Then, there exists a regular sequence consisting of s linear forms ℓ 1 , . . . , ℓ s such that R/(ℓ 1 , . . . , ℓ j ) is F -pure for every j = 1, . . . , s.
Theorem 5.8 is in the spirit of Bertini type theorems and ladders on Fano varieties [Amb99] . These theorems assert that 'nice' singularities are still 'good' after cutting by a general hyperplane. Among these nice singularities one encounters F -pure singularities of a projective variety [SZ13] . Theorem 5.8 gives a number of successive hyperplane cuts in Proj(R) that preserve F -purity. Furthermore, the hyperplane cuts remains globally F -pure.
Finally, we give explicit bounds for the projective dimension and the Castelnuovo-Mumford regularity of R = S/I, where S = K[x 1 , . . . , x n ] is a polynomial ring over a field of positive characteristic, and I ⊆ S is a homogeneous ideal such that R is F -pure (see Theorem 7.3). In addition, we show that if an F -pure standard graded K-algebra R = S/I satisfies Serre's S k condition, for some k depending on the degrees of the generators of I, then R is in fact Cohen-Macaulay (see Proposition 7.6).
Background
Throughout this article, R denotes a commutative Noetherian ring with identity. A positively graded ring is a ring which admits a decomposition R = i 0 R i of Abelian groups, with R i · R j ⊆ R i+j for all i and j. A standard graded ring is a positively graded ring such that R 0 = K is a field, R = K[R 1 ] and dim K (R 1 ) < ∞, that is, R is a finitely generated K-algebra, generated in degree one. We use the notation (R, m, K) to denote a standard graded K-algebra, where m = i 1 R i is the irrelevant maximal ideal.
Suppose that R is a standard graded K-algebra. A graded module is an
The set of all graded homomorphisms M → N of all degrees form a graded submodule of Hom R (M, N). In general, these two modules are not the same, but they coincide when M is finitely generated [BH93] . Throughout this article, E R (K) will always denote the graded Matlis dual of K in R. The grading is given by
Let I be a homogeneous ideal generated by the forms f 1 , . . . , f ℓ ∈ R. Consider theČech complex,Č
• (f ; R):
R f j 1 ···f j i and the homomorphism in every summand is a localization map with an appropriate sign. Let M be a graded R-module. We define the i-th local cohomology of M with support in I by Assume that R has positive characteristic p. For e ∈ N, let F e : R → R denote the e-th iteration of the Frobenius endomorphism on R. If R is reduced, R 
With the grading introduced above, for a finitely generated graded R-module, M, we have that
Definition 2. 4 . Let R be a Noetherian ring of positive characteristic p. We say that R is F -finite if it is a finitely generated R-module via the action induced by the Frobenius endomorphism F : R → R. When R is reduced, this is equivalent to say that R 1/p is a finitely generated R-module. If (R, m, K) is a standard graded K-algebra, then R is F -finite if and only if K is F -finite, that is, if and only if [K :
Remark 2.6. If R is an F -pure ring, F itself is injective and R must be a reduced ring. We have that R is F -split if and only if R is a direct summand of R 1/p . If R is an F -finite ring, R is F -pure if and only R is F -split (see [HR76, Corollary 5.3]). Since, throughout this article, we assume that R is F -finite, we use the word F -pure to refer to both.
Definition 2.7. An F -finite reduced ring R is strongly F -regular if for any element f ∈ R \ {0}, there exists e ∈ N such that the inclusion f 1/p e R → R 1/p e splits.
Definition 2.8. Let S = K[x 1 , . . . , x n ] be a polynomial ring over an F -finite field. The e-trace map, Φ e : S 1/p e → S, is defined by Definition 2.9 ([Sch10]). Suppose that R is an F -pure ring. Let φ : R 1/p e → R be an R-homomorphism and let J ⊆ R be an ideal. We say that J is φ-compatible if φ(J 1/p e ) ⊆ J. An ideal J is said to be compatible if it is φ-compatible for all R-linear maps φ : R 1/p e → R and all e ∈ N.
We end this section by recalling an explicit description of Hom R (R 1/p e , R) discovered by Fedder [Fed83] that we use in the following sections.
Remark 2.10 ([Fed83, Corollary 1.5]). Let S be a polynomial ring over an F -finite field, and let Φ e : S 1/p e → S be the trace map. Let I ⊆ S be a homogeneous ideal, and let R = S/I. We have a graded isomorphim
given by the correspondence f 1/p e → ϕ f,e , where ϕ f,e : R 1/p e → R is defined by ϕ f,e (r 1/p e ) = Φ e (f 1/p e r).
Thanks to the correspondence in Remark 2.10, we can make the following observation Remark 2.11. Let S be a polynomial ring over an F -finite field. Let I ⊆ S be a homogeneous ideal, and let R = S/I. Let J ⊆ R be a homogeneous ideal, and let J denote its pullback in S. We have that J is compatible if and only if (
Properties of F -thresholds
In this section we introduce basic definitions and properties for the diagonal F -threshold and the F -pure threshold. 
Definition 3.2 ([TW04]
). Let (R, m, K) be either a standard graded K-algebra or a local ring which is F -finite and F -pure, and let I ⊆ R be an ideal (homogeneous in the former case). For a real number λ 0, we say that (R, I λ ) is F -pure if for every e ≫ 0, there exists an element f ∈ I ⌊(p e −1)λ⌋ such that the inclusion of R-modules f 1/p e R ⊆ R 1/p e splits.
Remark 3.3. Note that (R, I 0 ) = (R, R) being F -pure simply means that R is F -pure, according to Definition 2.4.
Definition 3.4 ([TW04]
). Let (R, m, K) be either a standard graded K-algebra or a local ring which is F -finite and F -pure, and let I ⊆ R be an ideal (homogeneous in the former case). The F -pure threshold of I is defined by
When I = m, we denote the F -pure threshold by fpt(R).
Definition 3.5 ([AE05]
). Let (R, m, K) be either a standard graded K-algebra or a local ring which is F -finite and F -pure. We define
In addition, we define the splitting prime of R as P(R) := e I e (R) and the splitting dimension of R to be sdim(R) := dim(R/P(R)).
Remark 3. 6 . We note that for a homogeneous element r, r ∈ I e (R) if and only if there is a map ϕ ∈ Hom R (R 1/p e , R) such that ϕ(r 1/p e ) = 1.
The following proposition gives basic properties of the splitting prime for graded algebras. We include details of the proof in the graded case for sake of completeness.
(1) I e (R) and P(R) are homogeneous ideals.
(2) P(R) is a prime ideal.
(3) P(R) is the largest compatible homogeneous ideal of R, i.e. the largest homogeneous ideal of R such that ϕ(P(R)
Proof.
(1) Let e 1. Since both R 1/p e and R are graded, and R 1/p e is a finitely generated Rmodule, we have that every homomorphism R 1/p e → R is a sum of graded homomorphisms. Therefore, in the definition of I e (R) above, we can consider only graded homomorphisms. Let r = r 0 + r 1 + . . . + r n ∈ I e (R), with r i of degree
and each ϕ(r
Since m is homogeneous, we get ϕ(r 1/p e i ) ∈ m for all i = 1, . . . , n, showing that r i ∈ I e (R). Then I e (R) is a homogeneous ideal. We have that P(R) is homogeneous is clear from its definition. The proofs of (2), (3) and (4) 
Definition 3.8. Let (R, m, K) be an F -finite F -pure standard graded K-algebra. Let J ⊆ R be a homogeneous ideal. Then, we define
Lemma 3.9. Let (R, m, K) be a standard graded K-algebra which is F -finite and F -pure.
I e (R) be a homogeneous element. Then, Rf 1/p e → R 1/p e splits as map of R-modules. Since R is F -pure, there is a splitting α :
We now present a characterization of the F -pure threshold that may be known to experts (see [Her12,  Key Lemma] for principal ideals). However, we were not able to find it in the literature in the generality we need. We present the proof for the sake of completeness. This characterization is a key part for the proof of Theorem 4.3.
Proposition 3.10. Let (R, m, K) be a standard graded K-algebra which is F -finite and F -pure. Let J ⊆ R be a homogeneous ideal. Then
Proof. By the definition of
. Then, the map R → R 1/p e , defined by 1 → f 1/p e splits by Remark 3.6. Thus,
Hence, for all e, we have
fpt(J), and therefore Conversely, let σ ∈ {λ ∈ R 0 | (R, J λ ) is F -pure}. For e ≫ 0, we have that J ⌊(p e −1)σ⌋ ⊆ I e (R). Then,
and thus
Remark 3.11. We note that analogous restatements of Proposition 3.10 for F -finite F -pure local rings is also true, and the proof is essentially the same.
F-thresholds and a-invariants
In this section, we prove the first part of our main theorem in positive characteristic. We start with a few preparation lemmas.
Lemma 4.1. Let (S, n, K) be a standard graded F -finite regular ring. Let I ⊆ S be an ideal such that R = S/I is an F -pure ring. Let m = nR. Then, P(R) = m if and only if (
Proof. Let Φ e : S 1/p e → S denote the e-trace map.
there exist a unit u ∈ S and an element g ∈ n [p e ] such that f = ux
, and we get Φ e (f 1/p e n 1/p e ) ⊆ n. Then by Remark 2.10, we have that ϕ(m 1/p e ) ⊆ m for every ϕ : R 1/p e → R. Hence, I e (R) = m for all e 1 and P(R) = m as well.
Conversely, if m = P(R), then I e (R) = m for all e 1. This means that for every e 1 and every f ∈ (I [p e ] : I), we have
. , x n ) denote the maximal homogeneous ideal. Let I ⊆ S be a homogeneous ideal such that R := S/I is an F -pure ring, and let m = nR. Then,
Proof. Let Φ e : S 1/p e → S denote the e-trace map. 
We re now ready to prove the first part of Theorem B.
Theorem 4.3. Let (R, m, K) be a standard graded K-algebra which is F -finite and F -pure. Then fpt(R) −a i (R) for every i ∈ N. 
Since this holds for all e ≫ 1, we get
by Proposition 3.10.
Corollary 4.4. Let (R, m, K) be a standard graded K-algebra which is F -finite and F -pure. If a i (R) = 0 for some i, then sdim(R) = 0.
Proof. If a i (R) = 0 for some i, we have that fpt(R) = 0 by Theorem 4.3. Then, we have that b e = 0 for every e ∈ N by Lemma 3.9 and Proposition 3.10. As a consequence, m ⊆ I e for every e ∈ N. Since I e (R) ⊆ m holds true because R is F -pure, we have that m = I e (R) for every e ∈ N. Hence, P(R) = m, and sdim(R) = 0.
We now review the definition of test ideal, which is closely related to the theory of tight closure. We refer the reader to [HH94] for definitions and details. We use Proposition 3.10 to relate the F -pure threshold of the ring with its splitting dimension.
Theorem 4.7. Let (R, m, K) be a standard graded K-algebra which is F -finite and F -pure, and let J ⊆ R be a compatible ideal. Then, we have fpt(R) fpt(R/J).
In particular, fpt(R) fpt(R/τ ) and fpt(R) fpt(R/P) sdim(R),
where τ denotes the test ideal of R, and P the splitting prime of R.
Proof. Let S = K[x 1 , . . . , x n ] be a polynomial ring such that there exists a surjection S → R, and let n = (x 1 , . . . , x n ), so that m = nR. Let I denote the kernel of the surjection. Let J ⊆ S be the pullback of J. As a consequence, we get
by Proposition 3.10. Then, fpt(R) fpt(R/J). The last claim follows from the fact that the test ideal is compatible as noted in Remark 4.6, and the splitting prime is compatible by Proposition 3.7 (3). Finally, fpt(R/P) dim(R/P) [TW04, Proposition 2.6(1)].
We now focus on the diagonal F -threshold.
Remark 4.8. For any standard graded K-algebra (R, m, K), we have that
We now are ready to proof the second part of Theorem B.
Theorem 4.9. Let R be an F -finite standard graded K-algebra, and let d = dim(R). Then, 
where R(−γ j ) → R 1/p e maps 1 to v j . This induces a degree zero homomorphism
If i = d, ϕ is surjective. We now prove that ϕ is also surjective for i = d, if R is F -pure. In this case, the natural inclusion R → R 1/p e induces an inclusion
We have that the map θ :
We have now that ϕ is surjective under the hypotheses assumed. Since
we have that
Then, a i (R) p e a d (R) + ν m (p e ), and so (1 − p e )a i (R) ν m (p e ). Hence,
Finally, we note that if R is F -pure c m − (R) = c m (R).
F-thresholds of graded Gorenstein rings
Suppose that (R, m, K) is an F -finite standard graded Gorenstein K-algebra. Let S = K[x 1 , . . . , x n ], and let I ⊆ S be a homogeneous ideal such that R ∼ = S/I as graded rings. Since Hom R (R 1/p , R) is a cyclic R 1/p -module, we have that for all integers e 1 there exist homogeneous polynomials f e ∈ S such that I
[ 
We now prove the last part of Theorem B. [p] to a minimal free resolution of S/I. Furthermore, such a map ψ • can be chosen graded of degree zero. We have that the last homomorphism in the map of complexes, S(p(−n − a)) → S(−n − a) is given by multiplication by a homogeneous polynomial f (see Remark 6.6). Furthermore, 
We now give an example to show that an F -finite and F -pure standard graded K-algebra such that fpt(R) = −a d (R) is not necessarily Gorenstein. This is not a counterexample to Conjecture A (2), since the ring we consider is not strongly F -regular.
Example 5.3. Let S = K[x, y, z] with K a perfect field of characteristic p > 0, and let n = (x, y, z) be its homogeneous maximal ideal.
Let R = S/I, with maximal ideal m = n/I. Note that R is a one-dimensional CohenMacaulay F -pure ring. In addition, P(R) = (x, y, z)R; therefore, sdim(R) = 0 and, by Theorem 4.7, fpt(R) = 0 as well. On the other hand, from the short exact sequence
we get a long exact sequence of local cohomology modules xy, z) ) / / . . . The maps in this sequence are homogeneous of degree zero. Thus, a 1 (R) 0, because K injects into H 1 m (R). On the other hand, since R is F -pure, we have that a 1 (R) 0; therefore, fpt(R) = a 1 (R) = 0. Although R is not Gorenstein, since the canonical module ω R ∼ = (x, y)/(xy, xz + yz) has two generators.
Sannai and Watanabe [SW11, Theorem 4.2] showed that for an F -pure standard graded Gorenstein algebra, R, with an isolated singularity, sdim(R) = 0 is equivalent to a d (R) = 0. The previous theorem recovers this result dropping the hypothesis of isolated singularity. This is because sdim(R) = 0 is equivalent to fpt(R) = 0. In fact, for all F -pure rings, Corollary 4.4 shows that a d (R) = 0 implies sdim(R) = 0.
We now aim at an interpretation of the F -pure threshold of a standard graded Gorenstein K-algebra as the maximal length of a regular sequence that preserves F -purity.
Proposition 5. 4 . Let S = K[x 1 , . . . , x n ] be a polynomial ring over an F -finite infinite field K. Let n = (x 1 , . . . , x n ) denote the maximal homogeneous ideal. Let I ⊆ S be a homogeneous ideal such that R = S/I is an F -pure ring, and let m = nR.
, then there exists a linear form ℓ ∈ S such that:
be a generic linear form. We note that
where g θ (y) =
by Pigeonhole Principle. Let
We note that h = 0 because c β g θ = 0. In addition, h is the coefficient of x θ+γ in (ℓ y ) p−1 f . We note that P(R) = m by Lemma 4.1, and thus P(R) ∩ m = m. Since K is an infinite field, we can pick a point v ∈ K n such that h(v) = 0 and the class of ℓ y (v) does not belong to P(R). We set ℓ = ℓ y (v). By our construction of ℓ, x β+γ ∈ Supp{ℓ p−1 f } and x β+γ ∈ n [p] . In addition, ℓ / ∈ P(R). Since the pullback of P(R) to S contains every associated prime of R, we have that ℓ is a non-zero divisor in R.
Note that, for ℓ as in Proposition 5.4, if we set I ′ := I + (ℓ) we have that the ring S/I ′ is again F -pure. In fact, for f as above, we have that
, and F -purity follows by Fedder's criterion [Fed83, Theorem 1.12].
As a consequence of these results, and of Theorem 5.2, we give an interpretation of the F -pure threshold, and the a-invariant, in terms of the maximal length of a regular sequence that preserves F -purity. We start by introducing the concept of F -pure regular sequence.
Definition 5.5. Let R be an F -finite F -pure ring. We say that a regular sequence f 1 , . . . , f r is F -pure if R/(f 1 , . . . , f i ) is an F -pure ring for all i = 1, . . . , r.
Lemma 5. 6 . Let (R, m, K) be a standard graded K-algebra. If f is a regular element of
Theorem 5.8. Let (R, m, K) be a Gorenstein standard graded K-algebra which is F -finite and F -pure, and let d = dim(R). If f 1 , . . . , f r is an F -pure regular sequence, then r fpt(R). Furthermore, if K is infinite, then there exists an F -pure regular sequence consisting of fpt(R) linear forms.
Proof. By Theorem 5.2, we have that fpt(R) = −a d (R). The first claim follows from Corollary 5.7. For the second claim, let S = K[x 1 , . . . , x n ] be a polynomial ring and let I ⊆ S be a homogeneous ideal such that R ∼ = S/I as graded rings. We proceed by induction on fpt(R). The case fpt(R) = 0 is trivial. We now assume fpt(R) > 0. From the proof of Theorem 5.2, we have that (
Since a d (R) = −fpt(R) < 0 by assumption, there exists a linear non-zero divisor ℓ 1 ∈ R such that R/(ℓ 1 ) is F -pure by Proposition 5. 4 . Note that, from the homogeneous short exact sequence
The claim follows by induction.
Results in characteristic zero
In this section we present results in characteristic zero that are analogous to Theorem 4.3. These results are motivated by the relation between the log-canonical and the F -pure threshold.
We first fix the notation. Let K be a field of characteristic zero, and let (R, m, K) be a Q-Gorenstein normal standard graded K-algebra. Consider the closed subscheme V (m) = Y ⊆ X = Spec(R), and let a be the corresponding ideal sheaf. We now use Hironaka's resolution of singularities [Hir64] . Suppose that f : X → X is a log-resolution of the pair (X, Y ), that is, f is a proper birational morphism with X nonsingular such that the ideal sheaf aO X = O X (−F ) is invertible, and Supp(F )∪Exc(f ) is a simple normal crossing divisor. Let K X and K X denote canonical divisors of X and X, respectively.
Let λ 0 be a real number. Then there are finitely many irreducible (not necessarily exceptional) divisors E i on X and real numbers a i so that there exists an R-linear equivalence of R-divisors
Definition 6.1. Continuing with the previous notation, we say that the pair (X, λY ) is log canonical, or lc for short, if a i −1 for all i. Define lct(X) = sup{λ ∈ R 0 | the pair (X, λY ) is lc}.
We say that (X, λY ) is Kawamata log-terminal, or klt for short, if a i > −1 for all i.
Remark 6.2. If X is log-terminal, we have that lct(X) = sup{λ ∈ R 0 | the pair (X, λY ) is klt}.
Definition 6.3. Let K be a field of positive characteristic p, and let (R, m, K) be a standard graded K-algebra which is F -finite and F -pure. Let I ⊆ R be a homogeneous ideal. For a real number λ 0, we say that (R, I λ ) is strongly F -regular if for every c ∈ R not in any minimal prime, there exists e 0 and an element f ∈ I ⌈p e λ⌉ such that the inclusion of R-modules (cf ) 1/p e R ⊆ R 1/p e splits.
Remark 6.4. Let (R, m, K) be a standard graded K-algebra which is F -finite and strongly F -regular. Then, by [TW04, Proposition 2.2 (5)], we have fpt(R) = sup{λ ∈ R 0 | the pair (R, m λ ) is strongly F -regular}.
Definition 6.5. Let R be a reduced algebra essentially of finite type over a field K of characteristic zero, a ⊆ R an ideal, and λ > 0 a real number. The pair (R, a λ ) is said to be of dense F -pure type (respectively strongly F -regular type) if there exist a finitely generated Z-subalgebra A of K and a reduced subalgebra R A of R essentially of finite type over A which satisfy the following conditions:
(ii) The pair (R s , a λ s ) is F -pure (respectively strongly F -regular) for every closed point s in a dense subset of Spec(A). Here, if κ(s) denotes the residue field of s, we define R s = R A ⊗ A κ(s) and a s = a A R s ⊆ R s .
Remark 6.6. Let S = K[x 1 , . . . , x n ] be a polynomial ring over a field K, and I ⊆ S be a homogeneous ideal. Let R = S/I, and consider a minimal graded free resolution of R over S Proof. Since R 0 is a finitely generated graded A-algebra, we write R 0 ∼ = B/J, for some homogeneous ideal Theorem 6.8. Let K be a field of characteristic zero, and let (R, m, K) be a standard graded normal and Q-Gorenstein K-algebra such that X = Spec R is log-terminal. Let 
Proof. We can write R = K[x 1 , . . . , x n ]/(f 1 , . . . , f ℓ ) for some integer n and some homogeneous polynomials f 1 , . . . , f ℓ ∈ S := K[x 1 , . . . , x n ]. Let A be the finitely generated Z-algebra generated by all the coefficients of f 1 , . . . , f ℓ . Define T := A[x 1 , . . . , x n ] and notice that, if we set 
After taking the limit as m → ∞, we obtain that lct(X) −a d (R A key point in the previous theorem was that if X is log-terminal, then lct(X) = sup{λ ∈ R 0 | the pair (X, λY ) is klt}, and a pair is klt if and only if the pair is of dense strongly F -regular type. One could try to replace log-terminal by log-canonical in the statement of Theorem 6.8, to get an analogue of Theorem B in characteristic zero. It is a very important and longstanding open problem whether a pair is log-canonical if and only if the pair is of dense F -pure type (see [Tak04, HW02, MS11] ). In addition, note that Lemma 6.7 requires that X is CohenMacaulay, and this is not necessarily implied by X being log-canonical. It is not clear to us that the a-invariant behaves well with respect to reduction to positive characteristic, in case X is only log-canonical. Motivated by these considerations, we make the following conjecture:
Conjecture 6.9. Let (R, m, K) be a standard graded normal Q-Gorenstein algebra over a field, K, of characteristic zero. Let d = dim(R) and let X = Spec R. Suppose that Y is log-canonical. Then,
We also ask the following question motivated by Theorem 5.8. is log-canonical?
Homological invariants of F -pure rings
Let K be a field and let S = K[x 1 , . . . , x n ] be a polynomial ring. Let I ⊆ S be a homogeneous ideal, and let R = S/I. Suppose that I = (f 1 , . . . , f j ) is generated by forms of degree d i = deg(f i ). Let G • be the minimal graded free resolution of R. Each G i can be written as a direct sum of copies of S with shifts:
where S(−j) denotes a rank one free module where the generator has degree j. The exponents β i,j (R) are called the graded Betti numbers of R. We define the projective dimension of R by pd S (R) = max{i | β i,j (R) = 0 for some j}. The Castelnuovo-Mumford regularity of R = S/I is defined by reg S (R) = max{j − i | β i,j (R) = 0 for some i}. Suppose that R is an F -pure ring. In this section, we provide bounds for the projective dimension and Castelnuovo-Mumford regularity of R over S. This relates to an important question in commutative algebra asked by Stillman: 
